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We present a physical scenario in which an electromagnetic field in a state consisted of photons whose en-
ergies are smaller than the energy gap of a two-state particle, interacts with the particle, for an arbitrarily long
duration, as if it was consisted of photons whose energy matches the energy gap of the particle. This type of
interaction is possible when the field is in a specially tailored state whose magnetic field’s expectation value is
a superoscillatory function.
As the time evolution of most quantum systems cannot be
calculated analytically, it is very common to use a perturbative
approach. When one wishes to calculate transition probabil-
ities, the mathematical tool usually being used is the time-
dependent perturbation theory [1]. In many cases, the first
order perturbative calculation offers a rather good approxima-
tion to the exact result.
When considering a first order solution, and an arbitrary
long interaction duration, one might expect that if a certain
quantum system is in a state which is a superposition of
eigenstates of the unperturbed Hamiltonian, all with energies
smaller than the minimal energy gap of another quantum sys-
tem, the two systems will not interact due to energy conserva-
tion.
In this Letter we argue that such interactions are possible.
We demonstrate our argument by describing a quantized elec-
tromagnetic (EM) field interacting with a two-state quantum
particle. We set the EM field state to be a superposition of
different photon numbers and energies such that all the ener-
gies are smaller than the energy gap of a two-state particle.
We then show that, up to first order in perturbation theory, it
can interact with the particle as if it was (only) consisted of
photons whose energy matches the energy gap of the parti-
cle. This holds for an arbitrary long interaction duration. This
rather strange result is achieved when the expectation value
of the magnetic field operator is a superoscillatory function
[2, 3]. This Letter is organized as follows: first, we formulate
the EM field’s state as a product of coherent states with dif-
ferent frequencies. Next, we describe the interaction between
the field and the two-state particle and show that the transi-
tions described above are possible when the expectation value
of the magnetic field operator is a superoscillatory function.
Finally, we resolve an apparent paradox involving this result
and energy conservation.
Field state as a product of coherent states. Consider a quan-
tum EM field. For simplicity, first we assume quasiperiodic
boundary conditions in a volume V . Later, we would work in
the continuum by setting V → ∞. Working in the Coulomb
gauge, the field operator is
A(r,t)=
∑
kp
√
2pi~c2
Vωk
(
ak,peˆk,pei(k·r−ωk t)+a†k,pˆe
∗
k,pe
−i(k·r−ωk t)), (1)
where ak,p and a
†
k,p are annihilation and creation operators of
photons with momentum k and polarization p respectively,
eˆk,p is a polarization vector and c is the speed of light. The
electric and magnetic fields are then E (r, t) = − 1c ∂A(r,t)∂t and
B (r, t) = ∇ × A (r, t). We wish to find a field state which
satisfies
〈Bx (r, t)〉 = F (z − ct) , (2)
for an arbitrary F (z − ct). It is well known that coherent states
of the form ∣∣∣αk,p〉 = e− 12 |α|2∑
n
αn√
n!
∣∣∣nk,p〉 , (3)
where
∣∣∣nk,p〉 is a field state consisted of n photons with mo-
mentum ~k and polarization p, are states whose expectation
values are harmonic waves. In order to demonstrate this prop-
erty explicitly, WLOG, we set the momentum and polariza-
tion such that kˆ = zˆ and pˆ = yˆ. Then, using ak′,p′
∣∣∣αk,p〉 =
δk,k′δp,p′αk,p
∣∣∣αk,p〉 we obtain〈
αk,p
∣∣∣ Bx (r, t) ∣∣∣αk,p〉 =√
8pi~ωk
V
(Re[αk]sin(kz−ωkt)+Im[αk]cos(kz−ωkt)), (4)
as required. Next, in order to obtain a state which satisfies Eq.
(2) we rewrite F (z − ct) as a Fourier series:
F(z − ct) =
∑
k
(
An cos
(
knz − ωkn t
)
+ Bn sin
(
knz − ωkn t
))
, (5)
where An = 2V1/3
∫
dzF (z) cos (knz) and Bn =
2
V1/3
∫
dzF (z) sin (knz) (the notation F (z, 0) = F (z) is
used). Comparing An and Bn to the corresponding terms in
Eq. (4) leads to
|α〉 = Π
k>0
∣∣∣∣∣∣∣∣i
√
V1/3
2pi~ωk
F˜ (k)
〉
, (6)
where F˜ (k) ≡ ∫ dzF (z) e−ikz. This state is a product of co-
herent states, |αk〉, each with a different frequency ωk. When
αk  1∀k this can be regarded as a “classical” state.
The interaction. We wish to couple the EM field to a quan-
tum particle whose free Hamiltonian is Hpar = Hs (rm,pm) +
1
2~Ωσz, where Hs is the spatial term of the Hamiltonian, rm,
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2pm and σ are the particle’s position, momentum and spin op-
erators respectively, and Ω is the particle’s frequency. We use
the standard field-matter interaction which is
Hint =
∫
d3r
(
−e
c
A (r) j (r) +
e2
2mc2
A2 (r) ρ (r)
)
− e~
2mc
B (rm) · σ, (7)
where m is the particle’s mass, ρ (r) ≡ δ (r − rm) is the par-
ticle’s density and j (r) ≡ 12m (pmδ (r − rm) + δ (r − rm)pm)
is the particle’s currant. Since we are only interested in the
field-spin interaction, we shall consider only the magnetic in-
teraction from now on. For simplicity, we also set Hs = 0.
Assuming the interaction is turned on sharply at t = 0, but
is independent of time afterwards, we get in the interaction
picture
HI = − e~2mcB (rm, t) · σ (t) . (8)
Next, we assume that the field is initially in state |α〉, and that
the particle is initially in state |Mi〉 = |Ψ, ↓〉, where |Ψ〉 is the
spatial component of the state and |↓〉 denotes the ground state
of the spin. The interaction then leads (to first order in pertur-
bation theory) to the state
|EM, σ〉t = |α,Mi〉+ ie2mc
∫ t
0
dt′Bx
(
rm, t′
)
σx
(
t′
) |α,Mi〉 . (9)
The probability to measure the particle in state
∣∣∣M f 〉 = |Ψ, ↑〉
is therefore
P (t) =
( e
2mc
)2∑
ξ
∣∣∣∣∣∣〈M f , ξ∣∣∣
∫ t
0
dt′Bx
(
rm, t′
)
σx
(
t′
) |Mi, α〉∣∣∣∣∣∣2
=
( e
2mc
)2∫ t
0
dt′
∫ t
0
dt′′eiΩ(t
′−t′′)
× 〈Ψ, α| Bx(rm, t′) |Ψ〉 〈Ψ| Bx(rm, t′′) |Ψ, α〉 , (10)
where {|ξ〉} is an orthonormal basis. Assuming |Ψ〉 is very
localized around z0, i.e., ∆z2m  k−20 we obtain
〈Ψ| eikzm |Ψ〉  eikz0 , (11)
where z0 = 〈Ψ| zm |Ψ〉. Therefore
P(t)=
( e
2mc
)2∫ t
0
dt′
∫ t
0
dt′′eiΩ(t
′−t′′)〈α|Bx(z0,t′)Bx(z0,t′′)|α〉. (12)
For simplicity, from now on we shall assume a large volume.
In this limit
∑
k → 12pi
∫
V1/3dk and
[
ak, a
†
k′
]
→ 2piV−1/3δk−k′ .
Plugging the latter commutation relation in the spectral repre-
sentation of B we obtain
〈α| Bx (z0, t′) Bx (z0, t′′) |α〉 
F
(
z0−ct′)F(z0−ct′′)+ ~V2/3c
∫
dωωeiω(t
′′−t′). (13)
The second term could be zeroed in the limit of a large vol-
ume. Plugging this result back in Eq. (12) leads to
P (t) =
( e
2mc
)2 ∣∣∣∣∣∣
∫ t
0
dt′F
(
z0 − ct′) eiΩt′ ∣∣∣∣∣∣2 . (14)
Next, we consider a field state consisted of photons all with
momentum k ∈ [0, k0]. This amounts to having F (z) such
that F˜ (k) only has support in k ∈ [0, k0]. Under usual cir-
cumstances, it is clear that a wave packet corresponding to
such F (z) will only interact with particles whose energy gap
is E ∈ [0, ~ck0]. However, we shall now show that using a
superoscillatory F (z) one could interact such a wave packet
with particles whose energy gap is ~Ω ≡ E > ~ck0.
Superoscillations. Superoscillatory functions are functions
which oscillate faster than their fastest Fourier component.
These functions can superoscillate in an arbitrarily large, but
not infinite domain. Since superoscillations are due to a
destructive interference, outside the superoscillatory domain
these functions exhibit exponentially larger amplitudes. Usu-
ally these larger amplitudes are present both before and after
the superoscillatory domain. However, some superoscillatory
functions have an exponentially larger amplitude only after (or
before) the superoscillatory domain. In this work, we shall use
such functions.
Consider the following function [4–7]:
F (z) =
D
2δ
√
2pi
∫ 2pi
0
dαeizk0(
1+cosα
2 )e−
i
δ2
cos(α−iA), (15)
where D, δ and A are some constants and k = k0 (1 + cosα) /2.
While F˜ (k) has support only in [0, k0], we shall now prove
that F (z) oscillates arbitrarily fast. Performing the integration
explicitly we obtain
F (z) =
D
√
pi√
2δ
e
1
2 izk0
×J0
 1δ2
√
1−δ2zk0 cosh [A]+ 14δ
4z2k20
 , (16)
where J0 is the zeroth Bessel function. For z < 0, using the
asymptotic form of the Bessel function for δ  1 we get
F (z) 
D(
1 − δ2zk0 cosh [A] + 14δ4z2k20
) 1
4
e
1
2 izk0 cos
 1δ2
√
1 − δ2zk0 cosh [A] + 14δ
4z2k20 −
pi
4
 . (17)
3We wish this function to superoscillate in z ∈ [−zc, 0]. To
this end we take δ2  1zck0 cosh[A] . Then, in this domain, the
function reduces to
F (z)  De
1
2 izk0 cos
(
1
δ2
− 1
2
zk0 cosh [A] − pi4
)
. (18)
Redefining F (z) to be the summation of two such functions,
one having δ−2 = 2pim + pi/4 and the other D → ±iD and
δ−2 = 2pim + 3pi/4, where m  1 we obtain
F (z)  De
1
2 izk0(1±cosh[A]). (19)
This function oscillates at frequency k′ = 12 k0 (1 + cosh [A]).
By increasing A, one can set these superoscillations to be ar-
bitrarily fast. The superoscillatory domain is finite, however
one could set it to be arbitrarily large by decreasing δ.
Superoscillations come at the price of an exponential
growth outside the superoscillatory domain, in our case with
maximum ∼ D
2
√
sinh[A]
exp
(
sinh[A]
δ2
)
occurring at z = 2 cosh[A]k0δ2 >
0. Bellow the superoscillatory domain, as well as above the
exponential growth, the function gradually obtains regular
(slower) oscillations. In the limit |z|  4 cosh [A] /(δ2k0), it
behaves like 1√z sin (zk0). This means that the proposed su-
peroscillatory function F (z) is not normalizable. In order to
make it normalizable, one may convolute F˜ (k) with a smooth
function h˜ (k) which has a very small support around k = 0.
This amounts to replacing F (z) by F (z) h (z). Since h˜ (k) is
smooth, the new function decreases fast enough as z → ±∞
to be normalizable.
Transition probability. The resulting function (plotted in
Fig. (1)) is band limited to [0, k0], however it can oscillate
in an arbitrarily large domain [−zc, 0] arbitrarily fast, and it is
normalizable. As the EM wave is moving to the right, placing
the detector at z0 = 0 guaranties that it will first interact with
the EM wave where the wave superoscillates and then where
it gradually gains its regular oscillations. It will not interact
with the wave where it grows exponentially.
Substituting in Eq. (14) F (z) ∝ sin
(
Ω
c z
)
for [−zc, 0], then
for t ≤ zc/c we finally obtain
P (t) ∝
∣∣∣∣∣∣
∫ t
0
dt′
(
e−iΩt
′ − eiΩt′
)
eiΩt
′
∣∣∣∣∣∣2 ∝ t2, (20)
i.e., for as long as the EM field state is superoscillatory, it in-
teracts with the particle exactly as if it was a monochromatic
EM field state of frequency Ω: it only interacts with particles
whose energy gap is E = ~Ω, and it excites the particles at
the same rate as a monochromatic field state of the same fre-
quency would. Since F (z) decays fast below the superoscil-
latory domain, the perturbation can be small even for t → ∞,
keeping the first order solution viable.
Explicit calculation of the EM field’s energy. Since the EM
field and the spin are coupled for an arbitrarily long duration,
the energy absorbed by the spin could not originate from the
activation/shutting of the coupling. We therefore expect the
energy absorbed by the particle to come from the EM field. In
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FIG. 1: A schematic plot of the superoscillatory function that we use:
the function obtains its exponential growth at z > 0. Since the wave
is moving to the right, it does not interact with the particle there. At
−zc < z < 0 the function superoscillates, and as z→ ±∞ it gradually
obtains regular (slower) oscillations and decays.
order to verify this assumption, we shall now show explicitly
that once the particle is measured in the excited state, the EM
field loses energy that matches the energy gap of the particle.
First, we calculate the EM field’s energy before the interac-
tion. Using ak |α〉 = i
√
V1/3
2pi~ωk
F˜ (k) |α〉 we get
〈Eb〉 = V
2/3
4pi2
∫
dk
∣∣∣F˜ (k)∣∣∣2 . (21)
Once the spin is measured in the |↑〉 state, the EM field’s state
becomes
|EMa〉 =
∫ t
0 dt
′Bx (rm, t′)σx (t′) |α,Mi〉√
〈α,Mi|
∣∣∣∣∫ t0 dt′Bx (rm, t′)σx (t′)∣∣∣∣2 |α,Mi〉
, (22)
thus its energy is
〈Ea〉 =
V1/3
∫
dk~ωk
2pi 〈Ψ, α|
∣∣∣∣∫ t0 dt′Bx (rm, t′) eiΩt′ ∣∣∣∣2 |Ψ, α〉
×〈Ψ,α|
∫ t
0
dt′Bx
(
rm, t′
)
e−iΩt
′
a†kak
∫ t
0
dt′′Bx
(
rm, t′′
)
eiΩt
′′ |Ψ,α〉.
(23)
Next, using [ak, Bx (rm, t)] = i
√
2pi~ωk
V e
−i(kzm−ωk t) we get
4〈Ea〉 =
V1/3~
∫
dkωk 〈Ψ, α| a†k
∣∣∣∣∫ t0 dt′Bx (rm, t′) eiΩt′ ∣∣∣∣2 ak |Ψ, α〉
2pi 〈Ψ, α|
∣∣∣∣∫ t0 dt′Bx (rm, t′) eiΩt′ ∣∣∣∣2 |Ψ, α〉
+
i
√
~3
2piV1/3
∫
dkω3/2k
∫ t
0 dt
′ ∫ t
0 dt
′′eiΩ(t′′−t′) 〈Ψ, α|
(
e−i(kzm−ωk t′′)a†k Bx (rm, t
′) − ei(kzm−ωk t′)Bx (rm, t′′) ak
)
|Ψ, α〉
〈Ψ, α|
∣∣∣∣∫ t0 dt′Bx (rm, t′) eiΩt′ ∣∣∣∣2 |Ψ, α〉
+
~2
∫
dkω2k
∫ t
0 dt
′ ∫ t
0 dt
′′ei(Ω+ωk)(t′′−t′)
V2/3 〈Ψ, α|
∣∣∣∣∫ t0 dt′Bx (rm, t′) eiΩt′ ∣∣∣∣2 |Ψ, α〉 . (24)
We proceed by defining 〈Ea〉 ≡ I1 + I2 + I3 and calculat-
ing the 3 terms. For the first term, again, using ak |α〉 =
i
√
V1/3
2pi~ωk
F˜ (k) |α〉, we obtain
I1 = 〈Eb〉 . (25)
For the second term a straight forward calculation yields
I2 =
~c
∫ t
0 dt
′ ∫ t
0 dt
′′
〈Ψ,α|
∣∣∣∣∫ t0 dt′Bx (rm, t′) eiΩt′ ∣∣∣∣2 |Ψ,α〉
× 〈Ψ,α| F′(zm−ct′)Bx(rm, t′′) sin(Ω (t′′−t′)) |Ψ,α〉 . (26)
Substituting 〈Ψ, α| Bx (rm, t) |Ψ, α〉  F (−ct), F (z) ∝ sin
(
Ω
c z
)
and t  2pi
Ω
we get
I2 =
−E∫ t0 dt′∫ t0 dt′′ cos (Ωt′) sin (Ωt′′) sin (Ω (t′′−t′))∣∣∣∣∫ t0 dt′ sin (Ωt′) e−iΩt′ ∣∣∣∣2
→ −E. (27)
For the third term, a similar substitution yields I3 → 0. There-
fore we finally get
〈Ea〉 = 〈Eb〉 − E, (28)
as expected.
In this Letter we have studied an interaction between an EM
field and a quantum particle. we have assumed a first order
perturbative solution and allowed an arbitrarily long interac-
tion duration, yet still we have described a scenario in which
an EM field in a state consisted of photons, all with energy
(arbitrarily) smaller than the particle’s energy gap, excite the
particle as if the energy of the photons matched the particle’s
energy gap. This unusual result was made possible due to a
special field state for which the magnetic field operator’s ex-
pectation value was a superoscillatory function.
This result seems to contradict energy conservation since
the mean energy of photons, all with energy smaller than the
energy gap of the two-state particle is necessarily smaller than
the energy gap of the particle. This apparent paradox is re-
solved by noting that the common interpretation of “absorp-
tion” and “emission” is over-simplified when the process in-
volves transitions between superposition of eigenstates of the
unperturbed Hamiltonian, rather than a single eigenstate. This
is because the creation and annihilation operators, a† and a,
change the weights of the different components in the super-
position in addition to the creation and annihilation of pho-
tons. The superoscillations are used to “fine-tune” the modifi-
cation of the weights which leads to this dramatic effect.
It is interesting to note that once the particle gets excited
it can spontaneously decay to the ground state by emitting
a photon, whose energy matches the energy gap of the par-
ticle. This can be regarded as a mechanism that transforms
a “superoscillatory photon” into a “real photon” of the same
frequency.
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